A filter lattice is a distributive lattice formed by all filters of a poset in the anti-inclusion order. We study the combinatorial properties of the Hasse diagrams of filter lattices of certain posets, so called Fibonacci-like cubes, in this paper. Several enumerative polynomials, e.g. rank generating function, cube polynomials and degree sequence polynomials are obtained. Some of these results relate to Fibonacci sequence and Padovan sequence.
Fibonacci-like cubes
The fence or "zigzag poset" Z n [11] is an interesting poset, with element {x 1 , . . . , x n } and cover relation x 2i−1 < x 2i and x 2i > x 2i+1 , and the underlying graph of the Hasse diagram of F (Z n ) is a Fibonacci cube Γ n . Now we have a new poset modified from fence.
Definition 2.1
The S-fence, denoted by φ n , is a fence-like poset, with element {x 1 , . . . , x n } and cover relations x 1 > x 2 > x 3 , x 2 < x 4 and x 4 > x 5 , for i ≥ 3, x 2i−1 < x 2i and x 2i > x 2i+1 . Let L be a distributive lattice. A convex sublattice (interval) K of L is called a cutting if any maximal chain of L must contain some elements of K. The convex expansion L ⊞ K of L with respect to K is a distributive lattice on the set L ∪ K ′ (K ′ ∼ = K a copy of K) with the induced order:
As show in Figure 3 , where1 K and0 K denote the maximum element and minimum element of the distributive lattice K, respectively (see [12] ).
The finite distributive lattices L and L ⊞ K Lemma 2.1 The filter lattice F (P ) is considered as a convex expansion, that is for every x ∈ P ,
where P − x and P * x the induced subposets on P \ {x} and P \ {y ∈ P |y ≤ x or x ≤ y}, respectively. [8] . FLC Φ n has similar structure with the Fibonacci cube and matchable Lucas cubes [12] , as shown in Figure 4 and Figure 5 . Lemma 2.2 Let Φ n be the n-th FLC defined above. Then
It is known that Γ
Proof. By definition of Φ n , the result is easily obtained by putting x = x n and x = x 3 in Lemma 2.1, respectively.
By Lemma 2.2 and the fact that |V (Γ n )| = F n+2 , we have folloing relation.
Corollary 2.3
The number of vertices of Φ n is 2F n .
Enumerative properties
Let F n be the n-th Fibonacci number defined by:
Figure 4: The structure of Φ n given by Γ n There is an interesting relation between Fibonaci numbers and binomial coefficients:
The enumerative properties of Fibonacci cubes and Lucas cubes has been extensively studied [3] [4] [5] [6] [7] [8] [9] . In this section, we obtain some enumerative properties of Φ n , such as rank generating functions i.e. rank polynomials, cube polynomials, maximal cube polynomial, degree sequences polynomial, indegree and outdegree polynomials. Some results are related to Fibonacci sequences since the number of vertices of Φ n equals to 2F n . The number of the maximal k-dimensional cubes in Φ n is a Padovan number.
Note that hereafter set n k = 0 whenever the condition 0 ≤ k ≤ n is invalid for any integers n and k. The proof of the conclusion about the generating function is similar to the proof of Theorem 3.4,and the proof of Propositions 3.12, 3.28 are similar to the proof of Proposition 3.18 (see [4] , [11] ).
Rank generating functions
The rank generating function of Φ n is R n (x) := R(Φ n , x) = k≥0 r n,k x k , where r n,k := r k (Φ n ) denoted the number of the elements of rank k in Φ n . The first few of R n (x) are listed.
where
By the Lemma 3.1 we have
A m (x) and B m (x) have the recurrence relations:
Proof. By Proposition 3.2, for m ≥ 4,
For B 2 (x), the conclusion is also ture. Samilarily, the recurrence relation of B m (x) can be obtained.
Then, we can derive the generating functions of A m (x) and B m (x) by Proposition 3.3, respectively.
Theorem 3.4 The generating functions of
A m (x) and B m (x) are m≥0 A m (x)z m = z + 1 − z + z 2 1 − (1 + x + x 2 )z + x 2 z 2 and m≥0 B m (x)z m = 1 + x − (x + x 2 )z 1 − (1 + x + x 2 )z + x 2 z 2 ,
respectively.
Proof. By the Proposition 3.3,
Similarly, the generating function of B m are obtained.
In addition, A m (x) and B m (x) can be obtained by Theorem 3.4. Let
n (see [1] ), which is
See also the sequence A027907 in the OEIS [10] . Using Kronecker delta function δ, we have the formula of the coefficient r n,k .
Theorem 3.5
Proof. Consider the polynomials g n (x) defined by
In addition, the coefficient of x k in g n (x) can be given by
We can obtain the generating function of R n (x) from Theorem 3.4.
Theorem 3.6 The generating function of
Proof. By the definition of A m (x) and B m (x),
Since R n (1) is the number of vertices of Φ n , put x = 1 in the generating function of R n (x) we obtain the generating function of the number of vertices of Φ n is 1 + y 2 + 2y 1 − y − y 2 .
Thus we have the following results related to Fibonacci sequences:
Corollary 3.7 Using the above notation, we have n k=0 r n,k = 2F n (n ≥ 3).
Cube polynomials
The cube polynomials of Φ n is Q n (x) = k≥0 q n,k x k , where q n,k := q k (Φ n ) is the number of the k-dimensional induced hypercubes of Φ n . The first few of Q n (x) are listed.
Lemma 3.8 ( [12] ) Let L be a finite distributive lattice and K a cutting of L. Then
We can get the recurrence relation of q n,k from Lemma 3.8 evidently.
Proposition 3.9 For n ≥ 4,
It is easy to get the recurrence relation of Q n (x).
Proof. By the Proposition 3.9,
Theorem 3.11 The generating function of
Proposition 3.12 For n ≥ 0,
and thus
Corollary 3.13 For n ≥ 3, the number of vertices of Φ n is q n,0 = 2
Maximal cube polynomials
The maximal cube polynomial of Φ n is H n (x) = k≥0 h n,k x k , where h n,k := h k (Φ n ) be the number of the maximal k-dimensional cubes in Φ n , The first few of H n (x) are listed.
We can get the recurrence relation of h n,k from Lemma 2.2.
Proposition 3.14 For n ≥ 6, h n,k = h n−2,k−1 + h n−3,k−1 .
By Proposition 3.14 the recurrence relation of H n (x) is given easily.
The (1, 3, 3)-Padovan number p n is defined as: p 0 = 1, p 1 = 3, p 2 = 3,p n = p n−2 + p n−3 , for n ≥ 3. Hence we have the following corollary.
Furthermore, we can obtain the generating function of H n (x) by Proposition 3.15.
Theorem 3.17 The generating function of
= −2y + xy + xy 2 + 1 + 2y 1 − xy 2 (1 + y) .
Because −2y + xy + xy 2 are parts of H 1 (x)y and H 2 (x)y 2 , we have the Proposition 3.18.
Proposition 3.18 For n ≥ 3,
Proof.
The proof is completed.
Degree sequences polynomials
The degree sequences polynomial of Φ n is
The recurrence relation d n,k is illustrated in the Figure 6 .
Proposition 3.20 For n ≥ 6,
Therefore, the generating function of D n (x) is obtained. 
Proposition 3.22 For n ≥ 3, the number of vertices of degree k of Φ n is
Proof. The way is similar to the method of [3] . Using the expansion
we consider the formal power series expansion of
Note that
We have a similar result as Corollary 3.7 as follows.
Indegree and outdegree polynomials
The indegree polynomial of Φ n is D 
We have a similar result as Corollary 3.7 on indegree of each vertex of the Fibonacci-like cubes from the fence-like posets.
Corollary 3.29 For n ≥ 3,
The conclusion of outdegree is similar to those of indegree.
